Abstract. Let r k (n) and t k (n) denote the number of representations of an integer n as a sum of k squares, and as a sum of k triangular numbers, respectively. We prove that t8(n) = 1 2 10 × 3 2 (r8(8n + 8) − 16r8(2n + 2)) , and therefore the study of the sequence t8(n) is reduced to the study of subsequences of r8(n). We give an additional 21 analogous results for sums of squares and sums of triangular numbers induced by partitions of 8. We give a brief indication of what happens for the case k ≥ 9.
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Introduction
Let r k (n) and t k (n) denote the number of representations of an integer n as a sum of k squares, and as a sum of k triangular numbers, respectively. That is, r k (n) is the number of solutions in integers of the equation x 2 1 + · · · + x 2 k = n, and t k (n) is the number of solutions in non-negative integers of
In [3] , a remarkable relation between r k (n) and t k (n) was given:
Theorem 1.1. Suppose 1 ≤ k ≤ 7. Then for any non-negative integer n, we have
Thus, the study of t k (n) for 1 ≤ k ≤ 7 is reduced to the study of the subsequence r k (8n + k) of r k (n). Theorem 1.1 was rediscovered in [2] , where a simple proof was given using generating functions. Later, a combinatorial proof of Theorem 1.1 was given in [7] . It has been proved [4] that Theorem 1.1 does not hold for any value k ≥ 8.
In [1] , it was shown that a result similar to Theorem 1.1 holds for representations by other quadratic forms. In order to state the result, let us first make some definitions.
Let λ = (λ 1 , . . . , λ m ) be a partition of k. That is, λ 1 , . . . , λ m are integers satisfying λ 1 ≥ · · · ≥ λ m ≥ 1 and λ 1 + · · · + λ m = k. For any non-negative integer n, define r λ (n) to be the number of solutions in integers of (1.1)
= n, and define t λ (n) to be the number of solutions in non-negative integers of
A solution of (1.1) (resp. (1.2)) is called a representation of n by squares (resp. triangular numbers) induced by λ. For a partition λ = (λ 1 , . . . , λ m ), let
where i j denotes the number of parts in λ which are equal to j. The main result in [1] is:
for all non-negative integers n, where the value of C λ is given by (1.3).
Theorem 1.1 is the special case of Theorem 1.2 for which λ is the partition consisting of k ones.
The goal of this article is to extend Theorems 1.1 and 1.2 to the case k = 8. By the non-existence result in [4] , any result for k = 8 must have a different form from the results for 1 ≤ k ≤ 7 in Theorems 1.1 and 1.2.
We will prove the following three theorems:
. . , λ m ) be a partition of 8. Let a λ (n) denote the number of solutions in integers of
2 m = n, for which x 1 , . . . , x m , are not all even, and let b λ (n) denote the number of solutions in integers for which x 1 , . . . , x m , are all odd. Then for any nonnegative integer n, we have
, where the value of C λ is given by (1.3). Theorem 1.4. Let λ = (λ 1 , . . . , λ m ) be a partition of 8. Then for any non-negative integer n, we have
where the value of C λ is given by (1.3). Then for any non-negative integer n,
where the values of D λ and E λ are given by: This work is organized as follows. In Section 2, we will show that Theorems 1.3 and 1.4 are equivalent. In Section 3, we will give a combinatorial proof of Theorem 1.3. In Section 4, we will give a proof of Theorem 1.4 using generating functions. In Section 5, we give a proof of Theorem 1.5 using generating functions. Finally, in Section 6, we indicate what happens for partitions of k when k ≥ 9.
For the remainder of this paper, unless otherwise stated it will be assumed that λ = (λ 1 , . . . , λ m ) is a partition of 8.
2. Equivalence of Theorems 1.3 and 1.4
In this section, we show that Theorems 1.3 and 1.4 are equivalent. First, observe that if we multiply the equation λ 1 x 2 1 + · · · + λ m x 2 m = 2n by 4, it follows that r λ (2n) is the number of solutions of λ 1 x 2 1 +· · ·+λ m x 2 m = 8n for which x 1 , . . . , x m , are all even. Therefore, by separating the solutions of
into those for which x 1 , . . . , x m , are all even, and those for which x 1 , . . . , x m , are not all even, it follows that
Second, observe that if
is a representation of n − 1 as a sum of triangular numbers induced by λ, then multiplying by 8 and completing the square gives 2 m representations of 8n as a sum of odd squares induced by λ, namely
and conversely, each of the 2 m representations in (2.3) arises from exactly one representation in (2.2). Therefore
The equivalence of Theorems 1.3 and 1.4 now follows from Eqs. (2.1) and (2.4).
Combinatorial proof of Theorem 1.3
We shall require the following three lemmas from [1, Corollaries 6 -8]:
Lemma 3.1. The number of representations of 8n + 4 as a sum of four odd squares equals twice the number of representations of 8n + 4 as a sum of four even squares.
Lemma 3.2. The number of representations of 8n+4 by the form 2x 2 +y 2 + z 2 in which x, y and z are all odd equals twice the number of representations in which x, y and z are all even.
Lemma 3.3. The number of representations of 8n + 4 by the form 3x 2 + y 2 in which x and y are both odd equals twice the number of representations in which x and y are both even.
It will be useful to divide the 22 partitions of 8 into 7 classes. Let 1, 1, 1, 1, 1, 1, 1), (4, 1, 1, 1, 1 )} S 2 = {(2, 2, 2, 1, 1), (4, 2, 1, 1)} S 3 = {(3, 2, 2, 1), (3, 3, 1, 1), (4, 3, 1)} S 4 = { (2, 1, 1, 1, 1, 1, 1), (2, 2, 1, 1, 1, 1 )} S 5 = {(3, 1, 1, 1, 1, 1)} S 6 = {(3, 2, 1, 1, 1)} S 7 = the other 11 partitions of 8 that are not included in any of S 1 , · · · , S 6 .
is a representation of 8n as a sum of squares induced by λ, with x 1 , . . . , x m , not all even. Let x A , x B , x C , x D denote any of the x i in (3.1) which occur with coefficient 1, 2, 3 or 4, respectively. For example, if λ = (3, 2, 1, 1, 1) and 8n = 3x , then either all of the x i are odd; or four of x 2 , . . . , x 6 are even and the other x i are odd; or x 1 and one of x 2 , . . . , x 6 are even and the other x i are odd. (6) If λ ∈ S 6 , i.e., λ = (3, 2, 1, 1, 1) and 8n = 3x 2 1 + 2x 2 2 + 7 , then all of the x i are odd.
Proof. Analyse each of the 22 partitions of 8, one at a time. We give two examples to illustrate the technique.
Example 1: λ = (5, 2, 1) ∈ S 7 . Let 8n = 5x 2 1 + 2x 2 2 + x 2 3 be a representation of 8n as a sum of squares induced by λ, with x 1 , x 2 , x 3 not all even. If x 1 = 2j + 1 is odd, then 8n = 5(2j + 1) 2 + x 2 2 + x 2 3 , and so x 2 2 + x 2 3 ≡ 3 (mod 8). This implies x 2 and x 3 are also odd. If x 1 = 2j is even, then 8n = 5(2j) 2 + 2x 2 2 + x 2 3 , and so 2x 2 2 + x 2 3 ≡ 0 (mod 4). This implies x 2 and x 3 are also even, but this case is excluded by hypothesis. This proves Lemma 3.4 for the partition λ = (5, 2, 1 
The other 20 partitions are handled similarly.
We can now prove Theorem 1.3. 
for λ ∈ S 1 . The other cases λ ∈ S 2 , . . . , S 7 follow similarly from Lemmas 3.1-3.4.
Generating function proof of Theorem 1.4
Let
The generating functions for r λ (n) and t λ (n), where λ = (λ 1 , . . . , λ m ), are
Theorem 1.4 may be proved by repeatedly dissecting the generating function for r λ (n). We illustrate the procedure by giving complete proofs for λ = (3, 2, 2, 1) and (3, 1, 1, 1, 1, 1) . The proofs for the other partitions of 8 are similar, and usually simpler. We will require the following Lemma. Observe that (4.6)-(4.10) give dissections of various theta functions into their even and odd parts.
Lemma 4.1. .8)]. We will prove (4.9) and (4.10). By (4.6),
where we have used (4.5) with q 4 for q and (4.8) with q 2 for q. Thus, (4.9) is proved. Finally, (4.10) follows by substituting (4.9) into (4.5).
4.1. Proof of Theorem 1.4 for the partition (3, 2, 2, 1). Apply (4.9) to the generating function to get
Extract the even powers of q, then replace q 2 with q. The result is
Apply (4.7) to this to obtain
and therefore,
Apply (4.7) and (4.10) to this, to obtain
from which we deduce
Now use (4.11) to obtain
If we compare coefficients of q n+1 , then we complete the proof of Theorem 1.4 for the partition (3, 2, 2, 1). (3, 1, 1, 1, 1, 1) . The procedure is similar to the proof for the partition (3, 2, 2, 1), therefore we will be brief and use properties of Lemma 4.1 without comment.
Proof of Theorem 1.4 for the partition
If we equate coefficients of q n+1 , we complete the proof of Theorem 1.4 for the partition (3, 1, 1, 1, 1, 1).
Proof of Theorem 1.5
In this section we use generating functions to prove Theorem 1.5. As in the previous section, we will be brief and use properties of Lemma 4.1 without comment.
5.1. Proof of Theorem 1.5 for λ = (1, 1, 1, 1, 1, 1, 1, 1) . We have r (1,1,1,1,1,1,1,1 
If we extract odd powers of q from (5.1), extract even powers of q from (5.2), and replace q 2 with q in each case, then we obtain ∞ n=0 r (1,1,1,1,1,1,1,1 
and
It follows that
This proves the first part of Theorem 1.5 for the partition (1, 1, 1, 1, 1, 1, 1, 1). Next, extract the even powers of q from (5.1) and replace q 2 with q, to get ∞ n=0 r (1,1,1,1,1,1,1,1 
If we extract even powers of q from this and replace q 2 with q, we obtain
Now extract odd powers of q from (5.2) and replace q 2 with q to get
If we compare the last two equations, we find that
This proves the second part of Theorem 1.5 for the partition (1, 1, 1, 1, 1, 1, 1, 1 ).
5.2.
Proof of Theorem 1.5 for λ = (2, 2, 1, 1, 1, 1). The procedure is similar to that for the partition (1, 1, 1, 1, 1, 1, 1, 1) . We omit the details.
5.3.
Proof of Theorem 1.5 for λ = (3, 3, 1, 1). By (4.8) we have
and replacing q by −q we obtain
If we square and subtract, we obtain
Employing (4.4), we deduce that
Multiplying both sides by
we deduce that
With the help of (4.4), this becomes
which is equivalent to
Equating the coefficients of q 2n+1 on both sides, we obtain the first part of Theorem 1.5 for the partition (3, 3, 1, 1). Next, replace q with −q in (4.9) and subtract the result from (4.9) to get ϕ(q)ϕ(q 3 ) − ϕ(−q)ϕ(−q 3 ) = 4qψ(q 2 )ψ(q 6 ).
Squaring both sides and applying (4.3), we obtain
which is equivalent to Equating coefficients of q 4n on both sides, we complete the proof of the second part of Theorem 1.5 for the partition (3, 3, 1, 1).
5.4.
Proof of Theorem 1.5 for λ = (4, 2, 1, 1). The procedure is similar to that for the partition (1, 1, 1, 1, 1, 1, 1, 1) . We omit the details.
which is equivalent to Equating the coefficients of q 4n on both sides, we complete the proof of the second part of Theorem 1.5 for the partition (7, 1).
6. Partitions of k for k ≥ 9
In this section, we indicate the results for partitions of k when k ≥ 9. For simplicity, we restrict the discussion to the case of sums of k squares and sums of k triangular numbers; i.e., when the partition λ consists of k ones.
As an example, consider the representations of 8n+9 as a sum of 9 squares.
Either: all of the squares are odd, and the number of such representations is 2 9 t 9 (n);
Or: four of the squares are even, and Lemma 3.1 implies the number of such representations is 2 8 9 4 t 9 (n);
Or: eight of the squares are even, and the number of such representations
